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A simplicial complex C is acyclic if C is connected and H,(C) = 0 for all i > 0. 
(Hi(C) is the ith homology group of C.) l-dimensional acyclic complexes are just 
trees which were extensively studied in the combinatorial literature. However, the 
combinatorial properties of high-dimensional acyclic complexes have become a 
subject of investigation only in recent years (see [3, 41 and for a more general 
reference, [ 11). 
For a finite simplicial complex C and for k a -1 denote fk(C) = 
{SE C: ISI = k + 1). Th e vector f(C) = u,,(C), fi(C), . . .) is the f-vector of C. The 
purpose of this note is to present a characterization of f-vectors of (finite) acyclic 
simplicial complexes. The characterization is by one well-known relation x(C) = 1 
and a system of inequalities (see (1.5) below). 
For a simplicial complex C and a vertex u not in C, the cone over C, C*V, is 
defined by 
C*u=CU{SU{u}:SEC}. 
Clearly cones over arbitrary simplicial complexes are acyclic. It turns out that the 
set of f-vectors of acyclic complexes coincide with the set of f-vectors of cones. 
To introduce our result we need some definitions and notations: for positive 
integers h and k, h can be written uniquely in the form 
h=(;)+(;I;)+-+(;), (1.1) 
where h,> hkml>. * * > hi Z= i P 1. This representation is called the k-canonical 
representation of h. Given this representation, define: 
hck)= (,“,)+ (;I;)+- - .+ (“,). (1.2) 
For h = 0 put Ock) = 0. 
The well-known Kruskal-Katona theorkm [2, 6, 71 asserts that an ultimately 
vanishing sequence f = u,,, fi, . . .) of nonnegative integers is an f-vector of a 
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simplicial complex iff 
fik+% fk-1 forall kal. (1.3) 
Let C be a simplicial complex. The x-vector of C, x(C) = (xc, x1, . . .), is 
defined by: 
xk =,zo (-l)ifk+j(c), kz=O. (1.4) 
Note that x0(C) = x(C) is just the Euler characteristic of C. 
Theorem 1. x = (x0, x1,. . .) is the x-uector of an acyclic simplicial complex if 
(1) x0=1, 
(2) x’kkk 
(1.5) 
xk-1 fOT d k>O. 
In fact, a slightly stronger result holds. A simplicial complex C is Q-acyclic if C 
is connected and Hi(C) is a finite group for i > 0. (Equivalently, &(C, Q) = Q 
and Hi(C, Q) = 0, i > 0.) 
Theorem 1’. (i) If C is Q-acyclic then x(C) s~tis~%s (1.5). 
(ii> x = (x0, x1, . . .) satisfies (1.5) then there is a cone C such that x(C) = x. 
Outline of proof. If C is a simplicial complex and D = C * u is a cone over C then 
xk(D) = f&-1(c) for all k 2 0. Thus by the Kruskal-Katona theorem our condi- 
tions (formula (1.5)) characterize x-vectors of cones. This implies (ii). In [5] we 
defined for a simplicial complex C an auxiliary simplicial complex D(C) with the 
same f-vector (the definition of D(C) uses exterior algebra and will not be 
reproduced here). It turns out that homological properties of C correspond to 
combinatorial properties of D(C), and in particular it can be shown that if C is 
Q-acyclic then D(C) is a cone. This proves (i). El 
Few families of acyclic simplicial complexes which contain the family of cones 
have been studied. Two examples are the family of collapsible complexes (see [8] 
or [3]) and the family of nonevasive complexes (see [3]). Theorem 1’ clearly 
implies that the set of f-vectors of complexes in any of these families is 
characterized by (1.5). 
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